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Convergence of Stationery Solutions of Reaction- Diffusion Problems

PanayiotisM. VLAMOS
Dept. of Mathematics, National Technical Univ. of Athens, Zografou Campus 15780

Abstract: We study the conver gence of the sequence of the classical stationary solutions of the
typical reaction-diffusion model, under specific restriction in the domain and the value of the

positive parameter involved.

Using the integral transformation of the problem, we obtain the convergence of this sequence

towards a weak limitting regular solution.
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1I ntroduction & Physical Model
We shall consider the steady-state prob-
lem of the classical model for reaction
diffusion processes.
jLw+1, f(w) =0,xT Wij
1Bw=0,xT W
where L is the uniform dliptic operator, W
a bounded domain of IRY, 3£ N3 9, with
a smooth boundary {Wand B the operator
which expresses the boundary conditions
of the problem.
Let f satisfies the following properties :
i) f(u)>0,f(u)>0,fu)>0, forevery
u

(1.1)

. L Os
i <

) Or9 =¥
Then, we aready know (Amann [1,2,3,4])
that there exists a value | y of the positive
parameter |, for witch the problem (1.1)
has infinite classical solutions {wi(x)}.
We are concerned with the convergence of
this sequence of classical solutions towards
a singular solution wy(x) of the problem
(1.2).
We aready know (Bebernes- Eberly [5]
Chapter 2, Theorem 2.19), that for the Gel-
fand problem ( Gelfand [7]), in the sym-

metric case:
uts N L er e +0,0<r<1 (lL2a)

r
u(0) =0,u(d) =0 (1.2b)

there exists avalue d =2(N- 2) of the
positive parameter d , for which there exist

infinite classical solutions, with the last
one being concave in the interva [0,1],
with u¢«(2) =0, while the rest being bell-

shaped. We expect a similar behavior for
the case of the general problem that we are
considering.

2. Existance and I ntegrability of sol u-
tions
Let us consider the limit of the sequence of

the classical solutionsof (1.1) for | =1, :
W, (X) = Iigl w, (X)a.e (2.1)
We define the function:
g, (%) = max{ |w, (x), [, (X)...jw, ()} (2.2)
Then, we can consider the function:
9(x) =lmg,(x)  (23)
At first we shall prove the existence of this
limit.
The sequence {g,} is asegquence of meas-
urable functions — as they are al bounded
—and moreover increasing, since:
O£9,(¥EgQ,(XE..£09,(X) E...,
for ¥ W (2.4)

Hence, the Monotone Convergence Theo-
rem of Lebesgue implies that there exists

thelimit g(x) = Iigl g, (x) and additionally
that :

lim g, = cflim =0

im 0. = gfim g = 09
We then prove the following lemma.
Lemma

The function g(x) defined from the relation
(2.3) is Lebesgue integrable.
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Pr oof

We claim that g is bounded almost every-
where. Indeed, if we suppose that g is not
bonded amost everywhere, then there
should exist a subsst W, i W with

mW,) * 0, such that: %v oy

1
-9k =lim g, (¥ =
Since
lim{max [w, GO (X, GO
And tends to infinity for xT W,, we obtain
that:
$x,1 W xT V(x)l WP -
" maxq|wg (3], [ (X, (X} 2 m( )
This can not finally hold — in a subregion
of V(x,)- but only for the solution with
the greater supremum, whichis w, (X) .
Consequently, we get
W ()2 m, for xT V,(%,) 1 V(x,)with
mVi(x,)) * 0 (2.7)
We the consider the first eigenvalue m of
the corresponding linearized problem :
1Dy +nf &w () =0,xT W
}By =0,xI W
From the variational characterization of the
first eigenvalue m(l ) (Crandal & Rabi-
nowitz [6]), we get that

"m>0

(2.8)

. e <y " [)y >
1) =inf & T (9
LT R TR D
where {y ,j )= ¢y (X)j (x)dx and
(X) > 0inWy (x)1
M = i
YO camecromy (0 ainnw,

whereasin W, , we havethat b(x)° O
and a (x° 1), in the standard boundary op-
erator B.

But for 1,1 (0,1 ") we know (Keller &
Cohen [8]) that m(l , )is decreasing for f
convex, hence m(l,) >1".1f w, ® ¥ for
every x1 V,(x,) with m(V,(x,))* 0,since
f is increasing, we get: f(w(X))®¥ for
every x1 V(%) with m(V,(x,))* O.

But for m(l,) =0, which is a contradic-

tion to the fact that m(l,)>1">0. We
thus proved that g is Lebesgue integrable.

3. Convergence of stationary solutions
We now can prove the corvergence of the
stationary solutions with the following
theorem.

Theorem
The function w, (X) is a weak limitting
regular solution of the problem (1.1)

Pr oof
From the previous lemmawe have that g is
L ebesgue integrable and obviously

W (¥| £ 9(X)(k =1,2,...), for every x.
Sincef isincreasing we obtain that

| (Wi ()] £ [wi ()] £ F(9()
Multiplying with the corresponding Green
function we have that

IGOx, y)X(f (W (YD) £G(% Y) F(9(x)

We shall aply the Dominated Convergence
Theorem of Lebesgue.

Let f(x)= Iig; f.(X)ae.and a Lebesgue
integrable function g, such that

[T, £ 9(x(n=12,..), for every x.
Then f is aso a Lebesgue integrable func-
tion and

!:gldfn- f|:0U ,llég Ofn:Of
Thus, we get

lim B (% ¥) T (w O)dy =¢5(x Y)IIIm T (w (Y)]dy = (%, ) f (wy (y))dy U
O lim 1, g5 y) f(w 0y =1 (%, y) f (wy (¥))dy U

w

O lim w () =1, @B Y) F(wy (9)dy U w, (%) =1y (5% y) F (v (¥))dy
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Hence w, is a weak solution of the steady-
state problem, its supremum is equal to ¥ ,
S0 it is a limitting regular solution of the
problem.

4. Discussion

A lot of aspects of the steady- state prob-
lem of the typical reaction-diffusion model
are not yet entirely considered. This leads
to questions which arise from the practical
interest concerning the model. In cases
where infinite solutions correspond to a
positive value of the involved parameter, it
is crucia to know their convergence.

Until now the fact that their limit was not a
classical solution prevented the study of
their convergence. Transferring the prob-
lem to an integral eguation the conver-
gence seems natural and the characteriza-
tion of the limitting function as limitting
regular solution describes exactly the situa-
tion of the model.
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